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GRADIENT KA¨HLER-RICCI SOLITONS WITH NONNEGATIVE
ORTHOGONAL BISECTIONAL CURVATURE
SHIJIN ZHANG
Abstract. In this paper, we prove that any complete shrinking gradient Ka¨hler-Ricci solitons
with positive orthogonal bisectional curvature must be compact. We also obtain a classification
of the complete shrinking gradient Ka¨hler-Ricci solitons with nonnegative orthogonal bisectional
curvature.
1. Introduction
A gradient Ricci soliton is a self-similar solution to the Ricci flow which flows by diffeomorphism
and homothety. The study of solitons has become increasingly important in both the study of the
Ricci flow and metric measure theory. In Perelman’s proof of Poincare´ conjecture , one issue he
needs to prove is that three dimensional shrinking gradient Ricci soliton with positive sectional
curvature is compact. It is a natural question to ask whether this holds in higher dimension.
Recently, Munteaun and Wang [14] proved the following.
Theorem 1.1 (Munteanu-Wang [14]). Any complete shrinking gradient Ricci soliton with nonneg-
ative sectional curvature and positive Ricci curvature is compact.
In this paper, we consider the gradient Ka¨hler-Ricci soliton, namely a triple (Mn, g, f) associated
with a Ka¨hler manifold (M, g) such that
(1) Rij +∇i∇jf = βgij , and ∇i∇jf = 0.
for some constant β ∈ R. It is called shrinking, steady or expanding, if β > 0, β = 0 or β < 0
respectively.
In fact, gradient Ricci solitons are special solutions of Ricci flow. Let τ(t) := 1 − 2βt > 0 and
ϕ(t) :Mn →Mn is the 1-parameter family of diffeomorphisms generated by X(t) := 1τ(t)∇gf , that
is,
∂
∂t
ϕ(t)(x) =
1
τ(t)
∇gf(ϕ(t)(x)).
Let g(t) = τ(t)ϕ(t)∗g. Then g(t) is a solution of Ricci flow:
(2)
∂
∂t
g(t) = −2Ric(g(t))
with g(0) = g.
Ni [15] proved that any complete shrinking gradient Ka¨hler Ricci soliton with positive bisectional
curvature is compact. Recently, the author and Wu [20] using Munteanu-Wang’s argument to
provide an alternative proof of Ni’s theorem.
Theorem 1.2 (Ni, Wu-Zhang). Any complete shrinking gradient Ka¨hler-Ricci soliton with non-
negative bisectional curvature and positive Ricci curvature is compact.
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In this short paper we will consider another type of curvature, orthogonal holomorphic bisectional
curvature, which was introduced by Cao and Hamilton [1].
Definition 1.1. A Ka¨hler manifold (Mn, g)(n ≥ 2) is said to have nonnegative (or positive)
orthogonal bisectional curvature if for any orthonormal basis {ei}, we have
(3) R(ei, ei, ej , ej) ≥ 0 (or > 0)
for any i 6= j.
Cao and Hamilton [1] observed that the nonnegativity of the orthogonal holomorphic bisectional
curvature is preserved under the Ka¨hler-Ricci flow on the compact Ka¨hler manifold. Chen [3]
generalized the Frankel conjecture with positive orthogonal bisectional curvature but under the
additional condition c1(M) > 0. Gu and Zhang [10] proved that the positive orthogonal bisectional
curvature implies c1(M) > 0, hence they proved the generalized Frankel conjecture with positive
orthogonal bisectional curvature. Gu and Zhang also gave a complete classification of compact
manifolds with nonnegative orthogonal bisectional curvature, see Theorem 1.3 in [10].
In this paper, using the argument of Munteanu and Wang [14], we prove that there is no non-
compact complete shrinking gradient Ka¨hler-Ricci soliton with nonnegative orthogonal bisectional
curvature and positive Ricci curvature.
Theorem 1.3. Let (Mn, g, f) be a complete shrinking gradient Ka¨hler-Ricci soliton with nonneg-
ative orthogonal bisectional curvature and positive Ricci curvature, then M is compact.
For general Ka¨hler manifold with nonnegative orthogonal bisectional curvature can not imply
its Ricci curvature is nonnegative. There is an example from Gu-Zhang [10].
Example 1.1. Let (M, g) = (Σ, g1)×(P
m, g2), where Σ is a Riemann surface with Gauss curvature
κ(Σ) ≥ −4 and min(κ(Σ)) = −4 and g2 is the standard Fubini-Study metric such that the sectional
curvature of Pm is 1. Then the orthogonal bisectional curvature of (M, g) is nonnegative, but the
Ricci curvature of (M, g) is not nonnegative.
In fact, Gu and Zhang also showed that the isotropic curvature of (M, g) is not nonnegative.
But for the complete steady or shrinking gradient Ka¨hler-Ricci soliton with nonnegative orthog-
onal bisectional curvature, we show that the Ricci curvature is nonnegative. We have the following
proposition.
Proposition 1.1. Let (Mn, g, f, β) be a complete gradient Ka¨hler-Ricci solitons with nonnegative
orthogonal bisectional curvature. Then we have
(i) If β ≥ 0, then Ric(g) ≥ 0. Furthermore, if the orthogonal bisectional curvature is positive, then
Ric(g) > 0.
(ii) If β < 0, then Ric(g) ≥ βg.
Using Proposition 1.1, Theorem 1.1 and de Rham decomposition theorem, we obtain a classifica-
tion of complete shrinking gradient Ka¨hler-Ricci solitons with nonnegative orthogonal holomorphic
bisectional curvature.
Theorem 1.4. Let (Mn, g, f) be a complete shrinking gradient Ka¨hler-Ricci soliton with nonneg-
ative orthogonal bisectional curvature. Then we have
(i) If the orthogonal bisectional curvature of M is positive then M must be isometric-biholomorphic
to CPn;
(ii) If M has nonnegative orthogonal bisectional curvature then the universal cover M˜ splits as
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M˜ = N1 ×N2 × · · · ×Nl × C
k isometric-biholomorphically, where Ni are compact irreducible Her-
mitian Symmetric Spaces.
In section 2, we recall some preliminaries for gradient Ricci solitons. In section 3, we prove
Proposition 1.1. In section 4, we prove Theorem 1.3 and Theorem 1.4.
2. Preliminaries
In this section, we recall some famous formulae for gradient Ka¨hler-Ricci solitons. Let (Mn, g, f, β)(β ∈
R) be a gradient Ka¨hler-Ricci solitons, i.e.,
(4) Rij +∇i∇jf = βgij , and ∇i∇jf = 0.
Then the following formulae are well known.
Lemma 2.1.
(1) R+∆f = βn;
(2) ∇iR = Rik∇kf ;
(3) R+ |∇f |2 − βf = constant;
(4) ∆fRij = βRij −RijlkRkl;
(5) ∆fR = βR − |Ric|
2.
Here |∇f |2 = gij∇if∇jf and ∆fRij = ∆Rij − g
kl∇kf∇lRij .
Proof. The formulas are well known for gradient Ricci solitons, see Chapter 1 in [6]. 
Cao and Zhou [2], also see Fang-Man-Zhang [8] or Haslhofer-Mu¨ller [13], proved the following
estimate for the potential function f in the case β = 1.
Lemma 2.2 (Cao-Zhou). For β = 1. Let p be a point such that ∇f(p) = 0, d(x) := d(x, p) denotes
the distance function from x to p. Then there exist uniform constants c1 and c2 such that
(5)
1
4
(d(x) − c1)
2 ≤ f(x) ≤
1
4
(d(x) + c2)
2.
We also recall an important Perelman’s lemma, which will be used in the proof of Proposition
1.1.
Lemma 2.3 (Perelman). Let (Mn, g, f, β) be a complete gradient Ricci soliton. Fix o ∈ Mn, and
define r(x) + d(o, p). Let m = 2n. Suppose Ric(g) ≤ (m − 1)K on B(o, r0), for some positive
numbers r0 and K. Then for any point x, outside B(o, r0), we have
(∆r− < ∇f,∇r >)(x) ≤ − < ∇f,∇r > (o)− β2 r(x) +
m−1
2 {
2
3Kr0 + r
−1
0 }.
The above lemma follows from an idea of Perelman; see Lemma 8.3 in [16] and its antecedent in
§17 on ’Bounds on changing distances’, in [12]. For the detailed proof, also see Proposition 2.2 in
[21] or [4].
3. Proof of Proposition 1.1
In this section, we prove the Proposition 1.1, which will be used to prove the Theorem 1.4.
Proposition 3.1. Let (Mn, g, f, β) be a complete gradient Ka¨hler-Ricci solitons with nonnegative
orthogonal bisectional curvature. Then we have
(i) If β ≥ 0, then Ric(g) ≥ 0. Furthermore, if the orthogonal bisectional curvature is positive, then
Ric(g) > 0.
(ii) If β < 0, then Ric(g) ≥ βg.
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Proof. We only consider the case of noncompact manifold. Denote λ(x) as the minimal eigenvalue
of the Ricci curvature at x, suppose v is the eigenvector corresponding to λ(x), then
RijklRklv
ivj = R(v, v,
∂
∂zk
,
∂
∂zl
)Rkl
Diagonalizing Ric at x so that Rkl = λkδkl, and we may assume that λ(x) = λ1 ≤ λ2 ≤ · · · ≤ λn.
Let v(x) = ∂∂z1 . We can write following as
RijklRklv
ivj = R(v, v,
∂
∂zk
,
∂
∂zk
)λk
= R(v, v, v, v)λ1 +
∑
16=j
R11jjλj
= (λ1 −
∑
16=j
R11jj)λ1 +
∑
16=j
R11jjλj
= λ21 +
∑
16=j
R11jj(λj − λ1)
(6)
Since the orthogonal bisectional curvature is nonnegative, we know at x
(7) RijklRklv
ivj ≥ λ(x)2.
Fix o ∈Mn and fix a large number b. Let
η : [0,∞)→ [0, 1]
be a C∞ nonincreasing cutoff function with η(u) = 1 for u ∈ [0, 1] and η(u) = 0 for u ∈ [1 + b,∞).
Define Φ :M → R by
Φ(x) = η( r(x)c )λ(x)
for c ∈ (0,∞). Later we shall take c→∞.
Suppose x0 ∈M is such that
(8) Φ(x0) = min
M
Φ < 0.
Then λ(x0) < 0. Suppose v ∈ T
1,0
x M is the unit eigenvector corresponding to λ(x0), taking parallel
translation of v along any unit speed geodesic starting from x0, then in a small neighborhoodB(x, δ),
we get a smooth vector field V (x) with V (x0) = v. Define h(x) = Ric(x)(V (x), V (x)), then h(x) ≥
λ(x) for x ∈ B(x0, δ) and h(x0) = λ(x0), moreover, using ∇V (x) = 0 and since RijklRklV
iV j(x) is
continuous and h(x) is continuous, and RijklRklV
iV j(x0) ≥ λ
2(x0) = h
2(x0) > 0 follows from (7),
then for any ǫ > 0 there exists 0 < δ1 = δ1(ǫ) < δ, such that RijklRklV
iV j(x) ≥ h(x)2/(1 + ǫ) for
any x ∈ B(x0, δ1). Hence for any x ∈ B(x0, δ1) we have
∆fh(x) = (∆fRic)(V (x), V (x)) = ∆fRijv
ivj(x) = (−RijklRkl(x) + βRij(x))V
iV j
≤ βh(x) − h(x)2/(1 + ǫ).
(9)
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Now let Φ˜(x) = η( r(x)c )h(x) for x ∈ B(x0, δ1). It is easy to compute that
∆f Φ˜ = η∆fh+
2η′
c
< ∇r,∇h > +
η′
c
h∆fr +
η′′h
c2
≤ η(βh −
h2
1 + ǫ
) +
2η′
c
< ∇r,∇h > +
η′
c
h∆fr +
η′′h
c2
(10)
For x ∈ B(x0, δ1), we have Φ˜(x) = η(
r(x)
c )h(x) ≥ η(
r(x)
c )λ(x) = Φ(x) ≥ Φ(x0) = Φ˜(x0). We
compute at point x0, then we have
(11) 0 ≤ η(βh−
h2
1 + ǫ
) +
2η′
c
< ∇r,∇h > +
η′
c
h∆fr +
η′′h
c2
.
Since ∇Φ˜(x0) = 0, we have
∇h
h (x0) = −
η′
η (x0)
∇r
c (x0). Note that h(x0) < 0, we obtain
(12) 0 ≥ η(β −
h
1 + ǫ
) +
η′
c
∆fr +
1
c2
(η′′ −
2(η′)2
η
).
We consider two cases, depending on the location of x0.
Case (i) Suppose r(x0) < c, so that η(
r(x)
c ) = 1 in a neighborhood of x0, then η
′(x0) = η
′′(x0) = 0
and from (12),
h(x0)
1 + ǫ
≥ β.
In the case of β ≥ 0, it is a contradiction. Hence when β ≥ 0, we obtain λ(x) ≥ 0.
Case (ii) Now suppose r(x0) ≥ c and again consider (12). Note that we may choose η so that
−C1 ≤ η
′ ≤ 0 and
(13) η′′ −
2(η′)2
η
≥ −C1
for some uniform constant C1 <∞. Since η
′ < 0, applying Lemma 2.3 (2) and (13) to (12)
Φ˜(x0)
1 + ǫ
≥
η′( r(x0)c )
c
(
m− 1
2r0
− 〈∇f,∇r〉(o) −
β
2
r(x0) +
2
3
r0 max
B(o,r0)
Ric)
+ ηβ −
C1
c2
,
(14)
where C1 is independent of c. Taking r0 = 1/2 and c ≥ 2, since −C1 ≤ η
′ ≤ 0, we obtain for all
x ∈ B(o, c)
λ(x)
1 + ǫ
≥
Φ˜(x0)
1 + ǫ
≥ −
C1
c
(m− 1 + |∇f |(o) +
1
3
max
B(o,1/2)
Ric +
1
c
)
+ β(η −
1
2
η′(
r(x0)
c
)
r(x0)
c
).
(15)
When take c→∞, then the first term of right hand side of (15) tends to 0. In the case of β ≥ 0,
we obtain λ(x0) ≥ 0, it is a contradiction. Hence when β ≥ 0, we have λ(x) ≥ 0 for any x ∈M .
In the case of β < 0, we using the same argument in the proof of Theorem 1.5 in the author’s
paper [22]. For convenience of readers, we also provide the details as following.
We only consider to estimate the term 12η
′( r(x0)c )
r(x0)
c − η(
r(x0)
c ). Since x0 ∈ B(o, (1 + b)c) −
B(o, c), we have 1 ≤ r(x0)c < 1 + b. Define hη(u) by
hη(u) =
1
2η
′(u)u− η(u).
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So we only estimate hη(u) for u ∈ [1, 1 + b].
If we replace η with nonnegative piecewise linear function θ(u) such that
θ(u) =


1 if u ∈ [0, 1],
1+b−u
b if u ∈ [1, 1 + b],
0 if u ∈ [1 + b,∞)
then hθ(u) = −
2b+2−u
2b for u ∈ [1, 1 + b]. So hθ(u) ≥ −1 for u ∈ [2, b] and hθ(u) ≥ −1 −
1
b for
u ∈ [1, 2]. For any small positive number δ, we can obtain a C∞ cutoff function γ after smooth the
linear function θ such that γ(u) = θ(u) for u ∈ [0, 1] ∪ [2, b] ∪ [1 + b,∞) and − 1+δb ≤ γ
′(u) ≤ 0 for
u ∈ [1, 2] ∪ [b, 1 + b]. When u ∈ [b, 1 + b], it is easy to get −γ(u) ≥ − 1+δb . So when b is large and
δ ≤ b−1b+1 , we have hγ(u) ≥ −1 −
1+δ
b for u ∈ [1, 1 + b]. Let η equal γ, take c → ∞, δ → 0, b → ∞,
by (15) we obtain
Φ˜(x0)
1 + ǫ
≥ β.
Taking ǫ→ 0, we obtain
λ(x) ≥ β
for all x ∈M .
In the case of β ≥ 0, we have proved that Ric(g) ≥ 0. Furthermore, if we assume the orthogonal
bisectional curvature is positive, we show that the Ricci curvature is positive. If not, there exists a
point x0 ∈ M , and a unit vector v ∈ T
1,0
x0 M such that λ(x0) = λ1(x0) = Ric(v, v)(x0) = 0. Since
the orthogonal bisectional curvature is positive, the scalar curvature R > 0 (see (3.4) in [10]. Hence
there exists a positive integer i ∈ [2, n], such that λk(x0) > 0 for all k ≥ i. Using the same notation
as above, then from equality (6), we can rewrite the inequality (9) as
(16) ∆fh(x) < βh(x)
for any x ∈ B(x0, δ1). By the strong maximum principle, see Theorem 3.5 in [9], we have h(x) = 0
for all x ∈ B(x0, δ1). It is a contradiction. Hence Ric(g) > 0. 
4. Proof of Theorem 1.3 and Theorem 1.4
In this section, we prove the main theorems of this paper.
Theorem 4.1 (Theorem 1.3). Suppose (Mn, g, f) is a complete shrinking gradient Ka¨hler-Ricci
soliton , if we assume the orthogonal bisectional curvature is nonnegative and the Ricci curvature
is positive, then it must be compact.
Proof. We can use the same argument of Munteanu and Wang [14] (also see [20]) to obtain the
theorem. For convenience of readers, we provide the outline of the proof here.
Assume (M, g, f) is noncompact. Let p be a fixed point such that ∇f(p) = 0. Denote λ(x) as
the minimal eigenvalue of the Ricci curvature at x. From the proof of Proposition 1.1, we know λ
satisfies the following differential inequality in the sense of barrier, see (9),
∆fλ ≤ λ.
Choose a geodesic ball B(p, r) of radius r large enough, then a := min∂B(p,r) λ > 0. We define
U := λ−
a
f
−
2na
f2
,
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was introduced by Chow-Lu-Yang [5]. Then if r is large enough, U > 0 on ∂B(p, r) and ∆fU ≤ U
on M\B(p, r). By the maximum principle, it is easy to get U ≥ 0 on M\B(p, r). That implies
Ric ≥ af , then using (2) in Lemma 2.1 to obtain R ≥ b log f for some b > 0. Then use Lemma 2.1,
Lemma 2.2 and Bishop-Gromov volume comparison theorem, for r large enough, we get∫
B(p,r)
R ≥ b · c(n) log(r)Vol(B(p, r)).
On the other hand, Cao-Zhou [2] proved that∫
B(p,r)
R ≤ c1(n)Vol(B(p, r)).
Here c(n), c1(n) are uniform constants depending only on n. It is a contradiction. 
By Proposition 1.1 and Theorem 1.3, we obtain Theorem 1.4.
Theorem 4.2 (Theorem 1.4). Let (Mn, g, f) be a complete shrinking gradient Ka¨hler-Ricci soliton
with nonnegative orthogonal bisectional curvature, then we have:
(i) if the orthogonal bisectional curvature is positive, then M must be compact and isometric-
biholomorphic to CPn;
(ii) if M has nonnegative orthogonal bisectional curvature , then its universal cover M˜ splits as
M˜ = N1×N2×· · ·×Nl×C
k isometric-biholomorphically, where Ni are compact irreducible
Hermitian Symmetric Spaces.
Proof. Part (i). By Proposition 1.1 and Theorem 4.1, we know M is compact. Due to Gu-Zhang
[10] (see also Chen [3] and Feng-Liu-Wan [7]), M is biholomorphic to CPn. It exists a Fubini-Study
metric ωFS(a special Ka¨hler-Einstein metric). Since the complete shrinking gradient Ka¨hler-Ricci
soliton is a special solution of Ricci flow, applying Tian-Zhu’s main theorem in [18] (see also [19]
and [17]), we know (M, g) is isometric-biholomorphic to CPn.
Part (ii). From the proof of the Proposition 1.1, we know the tangent bundle TM has an
orthogonal decomposition V1 ⊕ V2, where V1 and V2 are invariant under parallel translation. Then
applying the standard de Rham decomposition theorem (or Hamilton’s Lemma in P.176 [11]), Gu-
Zhang’s main theorem (Theorem 1.3 in [10]) and Part (i) of Theorem 4.2. 
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